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Abstract
Let p be a prime and let K be a finite extension of Qp. Let E/K be an elliptic curve
with additive reduction. In this paper, we study the topological group structure of
the set of points of good reduction of E(K). In particular, if K/Qp is unramified,
we show how one can read off the topological group structure from the Weierstrass
coefficients defining E.
1 Introduction
In this article, we fix a prime p. Let K/Qp be a finite extension. Let OK be the ring of
integers of K with maximal ideal mK and residue field k. Let E/K be an elliptic curve
with additive reduction, given by a Weierstrass equation over OK of the form
Y 2 + a1XY + a3Y = X
3 + a2X
2 + a4X + a6, ai ∈ mK for each i.
We denote by E0(K) ⊂ E(K) the subgroup of points that reduce to a non-singular point
of the reduction curve defined over k.
The purpose of this paper is to investigate the structure ofE0(K) as a topological group
and as a Zp-module. We first show that p-adic topology on E0(K) from the embedding
into P2(K) agrees with the topology from the Zp-module structure (Proposition 6 and
Proposition 5). Our main theorem is the following, where Nk/Fp : k → Fp is the norm
map.
Theorem 1. Assume that K/Qp is unramified of degree n with ring of integers OK ,
maximal ideal mK and residue field k. Let E/K be an elliptic curve given by a Weierstrass
equation over OK of the form
Y 2 + a1XY + a3Y = X
3 + a2X
2 + a4X + a6,
with ai ∈ mK = pOK for each i. Then one has E0(K) ∼=Zp Znp , except in the following
four cases:
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(i) p = 2 and the equation a3/2x
3 + a1/2x− 1 = 0 has a solution in k;
(ii) p = 3 and Nk/Fp(8a2/3) = 1;
(iii) p = 5 and Nk/Fp(3a4/5) = 1;
(iv) p = 7 and Nk/Fp(4a6/7) = 1.
In case (i), one E0(Q2) ∼=Z2 Zn2×(Z/2Z)b where 2b is the number of solutions to a3/2X4+
a1/2X
2 −X = 0 in k. In the cases (ii)-(iv), one has E0(Qp) ∼=Zp Znp × Z/pZ.
The above theorem gives the following result for K = Qp.
Corollary 2. Let E/Qp be an elliptic curve given by a Weierstrass equation over Zp
Y 2 + a1XY + a3Y = X
3 + a2X
2 + a4X + a6,
with ai ∈ pZp for each i. One has E0(Qp) ∼=Zp Zp, unless one is in one of the four special
cases:
(i) p = 2 and a1 + a3 ≡ 2 (mod 4);
(ii) p = 3 and a2 ≡ 6 (mod 9);
(iii) p = 5 and a4 ≡ 10 (mod 25);
(iv) p = 7 and a6 ≡ 14 (mod 49).
In all special cases one has E0(Qp) ∼=Zp Zp × Z/pZ.
Note that any curve with additive reduction can be written in the form of Theorem 1
(Lemma 9). The case p > 7 of Theorem 1 was also mentioned in [3, Lemma 1].
We obtain the following result when K/Qp is ramified.
Theorem 3. Assume that K/Qp is of degree n and that the ramification index is e. If
6e < p− 1, then one has E0(K) ∼=Zp Znp .
We will briefly discuss some of the exceptional cases for ramified extensions, but we
do not obtain a completely satisfying answer.
We will say a few words about the idea of the proofs. Let K/Qp be a finite extension.
It is a standard fact from the theory of elliptic curves over local fields [2, VII.6.3] that
E0(K) admits a canonical filtration
E0(K) ⊃ E1(K) ⊃ E2(K) ⊃ E3(K) ⊃ . . . ,
where for each i ≥ 1 the quotient Ei(K)/Ei+1(K) is isomorphic to k. The quotient
E0(K)/E1(K) is also isomorphic to k by the fact that E has additive reduction. The
groups Ei(K) for i ≥ 1 can be seen as formal groups, and since our curve has additive
reduction, E0(K) can also be seen as a formal group (Proposition 12). For large enough
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j, the theory of formal groups gives an isomorphism j : Ej(K)
∼→ mjK . The idea is
then to explicitly use the exact sequence 0 → Ej(K) → Ej−1(K) → k → 0 to compute
the structure of Ej−1(K). We keep doing this, until we (hopefully) get the structure of
E0(K). In the case that K is unramfied over Qp, the computations become easier, since
one already has E1(K) ∼= mK (Proposition 10) and we have to study only one exact
sequence to obtain the structure of E0(K).
This paper is a generalization of [1] and hence contains some overlap.
2 Preliminaries
2.1 Weierstrass curves
All proofs of facts recalled in this section can be found in [2, IV and VII].
Let p be a prime. Let K be a finite field extension of Qp of degree n and ramification
degree e. Let vK : K → Z ∪ {∞} be its normalized valuation. Let OK be the ring of
integers, mK its maximal ideal and k its residue field. By a Weierstrass curve over OK we
mean a projective curve E ⊂ P2OK defined by a Weierstrass equation
Y 2 + a1XY + a3Y = X
3 + a2X
2 + a4X + a6, (1)
such that the generic fiber EK is an elliptic curve with (0 : 1 : 0) as the origin. The
coefficients ai ∈ OK are uniquely determined by E.
The set P2(K) has the quotient topology from K3 where K has the p-adic topology.
This induces a topology on E(K) and makes E(K) into a topological group. We call this
topology the standard topology.
We will say that a Weierstrass curve E/OK has good reduction when the special fiber
E˜ = Ek is smooth, multiplicative reduction when E˜ is nodal (i.e. there are two distinct
tangent directions to the singular point), and additive reduction when E˜ is cuspidal (i.e.
one tangent direction to the singular point).
We have E(K) = E(OK) since E is projective. Therefore, we have a reduction map
E(K)→ E˜(k) given by restricting an element of E(OK) to the special fiber. Let E˜sm(k)
be the complement of the singular points in the special fiber E˜(k), which is a group.
We denote the preimage of E˜sm(k) under the reduction map by E0(K). The standard
topology makes E0(K) into a topological group. By E1(K) ⊂ E0(K) we denote the kernel
of reduction, i.e. the points that map to the identity∞ of E˜(k). A more explicit definition
of E1(K) is
E1(K) = {(x, y) ∈ E(K) : vK(x) ≤ −2, vK(y) ≤ −3} ∪ {∞}. (2)
More generally, one defines subgroups En(K) ⊂ E0(K) as follows [2, ex. 7.4]:
En(K) = {(x, y) ∈ E(K) : vK(x) ≤ −2n, vK(y) ≤ −3n} ∪ {∞}.
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We thus have an infinite filtration on the subgroup E1(K):
E1(K) ⊃ E2(K) ⊃ E3(K) ⊃ · · · (3)
This gives us a filtration of open neighborhoods around ∞ of E0(K).
We have an exact sequence [2, VII.2.1]:
0→ E1(K)→ E0(K)→ E˜sm(k)→ 0. (4)
If E˜ is smooth, E˜ = E˜sm(k) is an elliptic curve. If E˜ is cuspidal, one has E˜sm(k) ∼= k∗
or E˜sm(k) ∼= {c ∈ l∗ : Nl/k(c) = 1} where l/k is of degree 2. We call this multiplicative
reduction. If Ek is nodal, one has E˜sm(k) ∼= k+. We call this additive reduction. Assume
that E˜ has additive reduction. If (0, 0) is the node, and the tangent line is given by
Y = 0, that is, the equation for the reduction is of the form Y 2 = X3, then one has an
isomorphism E˜sm(k) → k+ is given by (x, y) 7→ −x/y. See [2, III.2.5]. In the case that
the curve is minimal and of additive reduction, the quotient E(K)/E1(K) has order at
most 4 [2, VII.6.1].
We denote the formal group corresponding to E by Ê [2, IV.1–2]. This is a one-
dimensional formal group over OK . Giving the data of this formal group is the same as
giving a power series F = FÊ in OK [[X, Y ]], called the formal group law. It satisfies
F (X, Y ) = X + Y + (terms of degree ≥ 2)
and
F (F (X, Y ), Z)) = F (X,F (Y, Z)).
For E as in (1), the first few terms of F are given by:
F (X, Y ) =
X + Y − a1XY − a2(X2Y +XY 2) − 2a3(X3Y +XY 3) + (a1a2 − 3a3)X2Y 2−
(2a1a3 + 2a4)(X
4Y +XY 4)− (a1a3 − a22 + 4a4)(X3Y 2 +X2Y 3) + . . . .
In fact, Ê is a Zp-module (see [2, ex. 4.3]).
Treating the Weierstrass coefficients ai as unknowns, we may consider F as an element
of Z[a1, a2, a3, a4, a6][[X, Y ]], called the generic formal group law. If we make Z[a1, a2, a3, a4, a6]
into a weighted ring with weight function wt, such that wt(ai) = i for each i, then the
coefficients of F in degree n are homogeneous of weight n−1 [2, IV.1.1]. For each n ∈ Z≥2,
we define power series [n] in OK [[T ]] by [2](T ) = F (T, T ) and [n](T ) = F ([n− 1](T ), T )
for n ≥ 3. Here also, we may consider each [n] either as a power series in OK [[T ]] or as a
power series in Z[a1, a2, a3, a4, a6][[T ]] called the generic multiplication by n law. We have:
Lemma 4. Let [p] =
∑
i biT
i ∈ Z[a1, a2, a3, a4, a6][[T ]] be the generic formal multiplication
by p law. Then:
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1. p | bi for all i not divisible by p;
2. wt(bi) = i− 1, considering Z[a1, a2, a3, a4, a6] as a weighted ring as above.
Proof. (1) is proved in [2, IV.4.4].
(2) follows from [2, IV.1.1] or what was said above.
The series F (u, v) converges to an element of mK for all u, v ∈ mK . To E one associates
the group Eˆ(mK), the mK-valued points of Ê, which as a set is just mK , and whose group
operation + is given by u + v = F (u, v) for all u, v ∈ Eˆ(mK). The identity element of
Eˆ(mK) is 0 ∈ mK . If i ≥ 1 is an integer, then by Eˆ(miK) we denote the subset of Eˆ(mK)
corresponding to the subset miK ⊂ mK , where miK is the ith power of the ideal mK of OK .
The subsets Eˆ(miK) are subgroups of Eˆ(mK), and we have an infinite filtration of Ê(mK):
Ê(mK) ⊃ Ê(m2K) ⊃ Ê(m3K) ⊃ · · · . (5)
One has Ê(miK)/Ê(m
i+1
K )
∼= miK/mi+1K ∼= k+. For i > e/(p − 1) one has Ê(miK) ∼=Zp miK
by a ‘logarithm’ map, and the following diagram commutes ([2, IV.6.4]):
Ê(mi+1K )
 
//
∼

Ê(miK)
∼

m
i+1
K
 
//
m
i
K .
Wemake Ê(mK) into a topological group by using the above filtration as a fundamental
system of neighborhoods around 0. This means that a subset U of Ê(mK) is open if and
only if for all x ∈ U there is an m ∈ Z≥1 such that x + Ê(mmK) ⊆ U . This is the same
as the topology coming from the identification Ê(mK) = mK of sets and then using the
p-adic topology from K on mK . We call this the standard topology.
Proposition 5. The map
ψK : E1(K)
∼→ Ê(mK)
(x, y) 7→ −x/y
0 7→ 0
is an isomorphism of topological groups. Moreover, ψK respects the filtrations (3) and (5),
i.e. it identifies the subgroups Ei(K) defined with Eˆ(m
i
K) for i ∈ Z≥1.
Proof. See the proof of [2, VII.2.2]: the maps are homeomorphisms.
Given a finite field extension L ⊇ K, we have a natural commutative diagram
E1(K)
ψK
//
 _
incl

Ê(mK) _
incl

E1(L)
ψL
// ÊOL(mL)
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Here ÊOL(mL) is the set of mL-valued points of the formal group of EOL , the base-change
of E to Spec(OL).
Let G be a finitely generated Zp-module. We make G into a topological group by using
the filtration {piG : i ∈ Z≥0} of neighborhoods around 0. We call this the Zp-topology.
Proposition 6. The group E0(K) is a finitely generated Zp-module. Furthermore, the
Zp-module topology and the standard topology on E0(K) coincide.
Proof. We use Proposition 5. Note thatE0(K)/E1(K) is finite. One hasEi(K)/Ei+1(K) ∼=
k+ for i ≥ 1, and for large enough i one has Ei(K) ∼=Zp miK . Note that miK is finitely
generated and hence Ei(K) is finitely generated. This shows that E0(K) is finitely gen-
erated.
For large enough i one has pEi(K) ∼= pmiK ∼= mi+eK ∼= Ei+e(K). Hence the filtrations
of neighborhoods give the same topology.
2.2 Commutative algebra
Lemma 7. Let a, n ∈ Z≥0. Let
0→ Zap i→ G pi→ H → 0
be an exact sequence of Zp-modules where H is finitely generated and p
n-torsion. Let
τ : Zap → Zap/pnZap be the natural quotient map. Define
g : H →Zap/pnZap
pi(x) 7→τ(pnx).
Then g is a well-defined morphism of Zp-modules and one has G ∼= Zap ⊕ ker(g). Further-
more, if ker(g) = 0, one can identify G with 1/pn(τ−1im(g)) ⊇ Zap inside Qap.
Proof. Consider the morphism h : G → Zap/pnZap, x 7→ τ(pnx). Note that h|H = 0, so
this morphism induces the map g with h = g ◦ pi. By the structure theorem for finitely
generated Zp-modules we have G ∼= Zap⊕G[pn]. We claim G[pn]+Zap = ker(h). Note that
G[pn]+Zap ⊆ ker(h). Let x ∈ ker(h). Then one has pnx ∈ pnZap, equivalently pn(x−c) = 0
for some c ∈ Zap. We conclude x ∈ G[pn] + Zap. Since pi is surjective, and trivial on Zap,
and injective on G[pn], the kernel of g is isomorphic to G[pn].
Assume that g is injective. One has τ−1im(g) = pnG, and from this the final result
follows easily.
Lemma 8. Let k be a finite field of characteristic p. Consider the additive polynomial
f = X − aXp ∈ k[x] with a ∈ k∗. Then f has all its roots in k is and only if a is a
(p− 1)st power, that is, if and only if Nk/Fp(a) = a(#k−1)/(p−1) = 1.
Proof. The roots in k form a subgroup form a group isomorphic to Z/pZ. The polynomial
f has a non-trivial root in k if and only if 1/a = Xp−1 has a solution, that is, if and only
if a is a (p− 1)st power.
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3 Weierstrass curves with additive reduction over OK
As in Section 2, letK be a finite extension ofQp of degree n. LetOK be the ring of integers
of K, with maximal ideal mK and residue field k and ramification degree e = e(K/Qp).
In this section, we study Weierstrass curves over OK with additive reduction.
Lemma 9. Let E/OK be a Weierstrass curve with additive reduction. Then E is OK-
isomorphic to a Weierstrass curve of the form
Y 2 + a1XY + a3Y = X
3 + a2X
2 + a4X + a6,
where all ai lie in mK .
Proof. We construct an automorphism α ∈ PGL3(OK) that maps E to a Weierstrass
curve of the desired form. Consider a translation α1 ∈ PGL3(OK) moving the singular
point of the special fiber Ek to (0 : 0 : 1). The image E1 = α1(E) is a Weierstrass
curve with coefficients satisfying a3, a4, a6 in mK . There exists a second automorphism
α2 ∈ PGL3(OK), of the formX ′ = X, Y ′ = Y +cX , such that in the special fiber of α2(E1)
the unique tangent at (0 : 0 : 1) is given by Y ′ = 0. The Weierstrass curve E2 = α2(E1)
now has all its coefficients a1, a2, a3, a4, a6 in mK . One may thus take α = α2 ◦ α1.
From now on we assume that E/OK is a Weierstrass curve given by (1), and we
suppose that the ai are contained in mK . In particular, E has additive reduction.
3.1 Ei(K), i > 0
Proposition 10. Let E/OK be a Weierstrass curve given by (1), and assume that the
ai are contained in mK . For i > e/(p − 1) or if p = 2 and i ≥ e/(p − 1), one has
Ei(K) ∼=Zp Znp and pEi(K) = Ei+e(K).
Proof. One has Ei(K) ∼= Ê(miK) as we have seen before. If i > e/(p − 1), the result we
want to prove is precisely [2, IV.6.4].
Assume p = 2 and i > e/(p−1)−1 = e−1. Note i ≥ 1 and one has i+1 > e/(p−1).
We have the exact sequence
0→ Ê(mi+1K )→ Ê(miK)→ mi/mi+1 ∼= k → 0.
One has 2Ê(mi+1K ) = Ê(m
i+1+e
K ). Set [2](T ) =
∑
j bjT
j. By Lemma 7 we have an induced
map
g : miK/m
i+1
K →Ê(mi+1K )/Ê(mi+1+eK )
a (mod mi+1K ) 7→[2](a) =
∑
j
bja
j (mod Ê(mi+1+eK )).
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We then use Lemma 4. If j > 1 and 2 ∤ j, one has v(bj) ≥ e + 1 and hence v(bjaj) ≥
v(bj) + v(a) ≥ e + i+ 1. If j = 2j′ ≥ 2, then one has v(bj) ≥ 1 = p− 1 (here we require
p = 2) and v(bja
j) ≥ 1+ 2i > e+ i. As b0 = 2, the induced map is just g : a 7→ 2a, which
is injective. The image of g is Ê(mi+eK )/Ê(m
i+1+e
K ). We can identify Ê(m
i+e
K ) with m
i+e
K
through the logarithm and by Lemma 7 we identify Ê(miK) with 1/2m
i+e
K = m
i
K . In other
words, one has 2Ei(K) = Ei+e(K).
3.2 E0(K): general theory
If we let F denote the formal group law of E, then the assumption on the ai implies that
F (u, v) converges to an element of OK for all u, v ∈ OK . Hence F can be seen to induce
a group structure on OK , extending the group structure on Ê(mK). The same statement
holds true when we replace K by a finite field extension L.
Definition 11. Let E/OK be a Weierstrass curve given by (1), and assume that the ai
are contained in mK . For any finite field extension L ⊇ K, we denote by Ê(OL) the
topological group obtained by endowing the space OL with the group structure induced
by F .
The group Ê(OK) is a Zp-module, and comes with the Zp-module topology (equiva-
lently, the p-adic topology from the set OK).
Theorem 12. Let E/OK be a Weierstrass curve given by (1), and assume that the ai are
contained in mK .
1. The map Ψ : E0(K) → Ê(OK) that sends (x, y) to −x/y is an isomorphism of
topological groups.
2. If 6e < p− 1, then one has E0(K) ∼=Zp Znp .
3. One has the following commutative diagram, where E0(K) → E˜sm(k) ∼= k+ is the
reduction map:
E0(K)
(x,y)7→−x
y
##
●●
●●
●●
●●
●
Ψ:(x,y)7→−x/y

k+
Ê(OK)
x 7→x¯
;;✇✇✇✇✇✇✇✇
.
Proof. Let pi be a uniformizer for OK . Consider the field extension L = K(ρ) with ρ6 = pi.
Then define the Weierstrass curve D over OL by
Y 2 + α1XY + α3Y = X
3 + α2X
2 + α4X + α6,
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where αi = ai/ρ
i. There is a birational map φ : E ×OK OL 99K D, given by φ(X, Y ) =
(X/ρ2, Y/ρ3). The birational map φ induces an isomorphism on generic fibers, and hence
a homeomorphism between E(L) and D(L). Using (2) and the fact that we have (x, y) ∈
E0(L) if and only if vL(x), vL(y) are both not greater than zero, one sees that φ induces
a bijection E0(L)
∼→ D1(L), that all maps (a priori just of sets) in the following diagram
are well-defined, and that the diagram commutes:
E0(K)
Ψ

incl
// E0(L)
ΨL

φ
// D1(L)
ψL

Ê(OK) incl // Ê(OL) ·ρ // D̂(mL).
Here the map ΨL : E0(L)→ Ê(OL) is defined by (x, y) 7→ −x/y, the rightmost lower hor-
izontal arrow is multiplication by ρ, and the maps labeled incl are the obvious inclusions.
Let F
D̂
be the formal group law of D. One calculates that
ρF
D̂
(X, Y ) = F
D̂
(ρX, ρY ).
Hence ·ρ, ψL (Proposition 5) and φ are homeomorphisms of groups. It follows that the
group morphism ΨL is a homeomorphism of groups. Hence Ψ must be a homeomorphism
onto its image. The map ΨL is Galois-invariant, and hence by Galois theory, it follows
that Ψ is surjective, and that it is in fact a homeomorphism.
Now assume 6e(K/Qp) < p − 1, so that vL(p) = 6vK(p) = 6e(K/Qp) < p − 1. Now
[2, IV.6.4(b)] implies that E1(K) is isomorphic to mK , and D1(L) to mL. Since E has
additive reduction, we have E˜sm(k) ∼= k+. We have an exact sequence
0→ mK → E0(K)→ k+ → 0.
In the diagram above, the topological group E0(K) is mapped homomorphically into the
torsion-free group D1(L), hence it is itself torsion-free. It follows that E0(K) is isomorphic
to Znp . This proves the second part.
The commutativity of the diagram follows directly.
3.3 E0(K): special cases
In the previous subsection, we have seen that E0(K) ∼=Zp Znp if p − 1 > 6e. We have
E1(K) ∼=Zp Znp if p − 1 > e, or if p = 2 and e = 1 (Proposition 10). We will study what
happens with E0(K) in the latter case, so assume p − 1 > e, or p = 2 and e = 1. We
implicitly identify Ei(K) with Ê(m
i
K). We have an exact sequence
0→ E1(K)→ E0(K)→ E˜sm(k) ∼= k+ → 0.
To compute the torsion of E0(K), we apply Lemma 7. We consider the induced group
morphism k → E1(K)/pE1(K) = E1(K)/E1+e(K) (Proposition 10). Theorem 12 allows
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one to compute the map explicitly. Consider the power series [p](T ) corresponding to the
curve. One obtains a map g = [p](T ) : k → Ê(m1K)/Ê(m1+eK ). In general, the torsion of
E0(K) will be isomorphic to ker(g). If [p](T ) =
∑
i biT
i, one can show that only the terms
pT +
∑
j>0: (pj−1)/6≤e bpjT
pj play a role (Lemma 4). We see that the map is just [p]T = pT
if (p−1)/6 > e, hence the kernel of g is trivial, and we recover part of Theorem 12. Given
a field K, one can explicitly find conditions on the ai which determine the kernel of g and
hence the structure of E0(K). As an example, we study the case where e = 1.
3.3.1 e = 1
This is the case where K/Qp is unramified. We have a map g : k → Ê(m1K)/Ê(m2K) ∼= k.
Since the latter isomorphism is very explicit, we do not need logarithm to understand it.
The map g is given by a polynomial. For p > 7, this is the identity map and there is no
torsion.
For p = 3, 5, 7 this polynomial is of the form T − aT p. If n = 1, then E0(K) ∼=Zp
Zp × Z/pZ if a = 1 and Zp otherwise. If n > 1, then Lemma 8 tells us that this equation
has a non-trivial solution over k if and only if a is a (p − 1)st power in k. In that case,
E0(K) is isomorphic to Z
n
p × Z/pZ, and otherwise it is Znp .
If p = 2, the polynomial is of the form T −aT 2− bT 4. Lemma 8 can be used to handle
the case when n = 1, 2, but otherwise it is more tricky to see what the kernel of this map
is. It shows that E0(K) is isomorphic to Z
n
2 × (Z/2Z)i with i ∈ {0, 1, 2}. Here 2i is the
number of solutions of T − aT 2 − bT 4 = 0 in k.
For p = 2, 3, 5, 7 we explicitly compute the polynomial g = [p](T )/p (mod pOK).
p = 2
[p](T ) 2T − a1T 2 − 2a2T 3 + (a1a2 − 7a3)T 4 + . . ..
g T − a1/2T 2 − a3/2T 4.
p = 3
[p](T ) 3T − 3a1T 2 + (a21 − 8a2)T 3 + (12a1a2 − 39a3)T 4 + . . ..
g T − 8a2/3T 3.
p = 5
[p](T ) 5T − 1248a4T 5 + . . ..
g T − 3a4/5T 5..
p = 7
[p](T ) 7T − 6720a4T 5 − 352944a6T 7 + . . ..
g T − 4a6/7T 7.
In all the above cases, if there is no torsion in E0(K), then the map g is surjective,
and by Lemma 7 one has pE0(K) = E1(K) (one identifies E0(K) with OK after the
isomorphism Ê(m1K)
∼= mK).
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Proof of Theorem 1 and Corollary 2. Follows from the discussion above (and Lemma 8).
We will now list some examples of elliptic curves over Qp with additive reduction, such
that their points of good reduction contain p-torsion points. In particular, all curves and
torsion points are defined over Q. We also have an example of a curve over Q2(ζ3) having
full 2-torsion in Q(ζ3).
Example 13. The elliptic curve
E2 : Y
2 + 2Y = X3 − 2
has additive reduction at 2, and its 2-torsion point (1,−1) is of good reduction.
In fact, if one considers this curve over Q2(ζ3), the unramified extension of Q2 of
degree 2, then the 2 torsion contains 4 points of good reduction defined over Q(ζ3):
{∞, (−ζ3,−1), (ζ3,−1), (1,−1)}.
Example 14. The elliptic curve
E3 : Y
2 = X3 − 3X2 + 3X
has additive reduction at 3, and its 3-torsion point (1, 1) is of good reduction.
Example 15. The elliptic curve
E5 : Y
2 − 5Y = X3 + 20X2 − 15X
has additive reduction at 5, and its 5-torsion point (1,−1) is of good reduction.
Example 16. The elliptic curve
E7 : Y
2 + 7XY − 28Y = X3 + 7X − 35
has additive reduction at 7, and its 7-torsion point (2, 1) is of good reduction.
Example 17. Consider the curve E8 : Y
2 = X(X − 2)(X − 4) over Q. This elliptic
curve has additive reduction at 2. One has E8(Q)[2
∞] = {(0, 0), (2, 0), (4, 0),∞}, and
this group is isomorphic to V4. All torsion points, except ∞, map to the singular point of
the reduction. In fact, over Q2, the points of good reduction are isomorphic to the group
Z2.
Sometimes, we can use Theorem 1 to show that rational points have infinite order.
Example 18. Consider the curve E9 : Y
2 = X3 − 2 over Q. This curve has additive
reduction at 2 and the point (3, 5) has good reduction. By Theorem 1 the point has
infinite order. Similarly, one can consider E10 : Y
2 = X3+3, which has additive reduction
at 3. The point (1, 2) has good reduction and infinite order by Theorem 1.
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3.3.2 e > 1
One can generalize the results above slightly. Starting with a torsion free Ei(K) such
that pEi(K) = Ei+e(K), one can use Lemma 7 to check if there is no torsion in Ei−1(K).
One of the problems in our construction, is that in general, even if Ei(K) is torsion free,
it is not true that pEi(K) = Ei+e(K), and hence our methods do not work directly. To
do computations in this case, one needs to really compute the logarithm maps giving the
isomorphism with miK . We will give a brief example in which we study a ramified case.
Example 19. Take K = Q2(
√
2). One has k = F2 and mK =
√
2Z2[
√
2]. One has
an exact sequence 0 → E1(K) → E0(K) → k → 0. One has Ei(K) ∼= mi for i ≥ 1
(Proposition 10). A computation gives [2](T ) = 2T − a1T 2 + (a1a2 − 7a3)T 4 + . . .. This
polynomial induces a map g : k → Ê(m1K)/Ê(m3K), and the latter group is isomorphic to
mK/m
3
K by a logarithm map. The map k → mK/m3K is of the form s 7→ (
√
2c0 + 2c1)s
with c0, c1 ∈ {0, 1}. Unfortunately, one needs the logarithm map explicitly to see which
map this is in terms of the ai. One then uses Lemma 7 to describe the torsion of E0(K).
If there is no torsion, one can descrite E0(K) as a subgroup of K.
c0 c1 im(g) ker(g) E0(K) E0(K)[2]
0 0 {0} = m3K/m3K k – Z/2Z
0 1 {0, 2} = m2K/m3K 0 OK 0
1 0 {0,√2} 0 1√2Zp ⊕ 2Zp 0
1 1 {0,√2 + 2} 0 (1/√2 + 1)Zp ⊕ 2Zp 0
Without explicit computations of the logarithm, one cannot distinguish between the third
and fourth option. In the cases (c0, c1) = (1, 0), (1, 1), E0(K) is not identified with OK
and hence pE0(K) 6= E2(K).
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